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Abstract 

In this note we consider the relationship between the dressing action and the 
holonomy representation in the context of constant mean curvature surfaces. 
We characterize dressing elements that preserve the topology of a surface and 
discuss dressing by simple factors as a means of adding bubbles to a class of 
non finite type cylinders. 

Introduction. The equation for a harmonic map from a Riemann surface to a 
Riemannian symmetric space has a zero-curvature representation, and so corresponds 
to a loop of flat connections. Uhlenbeck discovered in her study [28] of harmonic maps 
into a compact Lie group G that such maps correspond to certain holomorphic maps 
into the based loop group of G and used this to define the dressing action of a certain 
loop group on the space of harmonic maps. Dressing, or the vesture method [30], 
was first developed in soliton theory to generate new solutions from old by solving 
a matrix Riemann problem. Unfortunately, the new solution does not automatically 
inherit properties of the old, such as domain, periods or asymptotics nor is it easy to 
control such properties when solving a matrix Riemann problem. 

When the target is the two dimensional round sphere, harmonic maps are precisely 
the Gauss maps of surfaces with constant mean curvature [22]. In the article [10] a 
method was presented by which all conformally immersed surfaces with constant mean 
curvature (CMC) can be obtained. The construction involves solving a meromorphic 
linear differential system with values in a loop group and then Iwasawa decomposing 
the solution to obtain the extended unitary frame of the surface. Both these steps 
make it difficult to keep track of the topology. Variation of the initial condition 
corresponds to the dressing action and is an integral part of the theory. Not only 
can dressing be used to close periods, but also to generate new CMC surfaces from 
old ones without altering the topology. In this work, we look into the relationship 
between dressing and topology in the framework of meromorphic ODE's and loop 
group factorizations in the context of CMC surfaces. 
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The question, when a conformal CMC immersion factors through a given surface 
has been discussed for tori [1], [6], [21], cylinders [9], [13], [16] and trinoids [2], [11], 
[16], [25]. It will be interesting to see more results in this direction, with particular 
emphasis on complete, non-compact surfaces with genus and compact surfaces of 
genus g > 2. 

Sterling & Wente [26] discovered that one can add "bubbles" to a round cylinder while 
preserving the mean curvature by Bianchi- Backlund transformations. In [13] it was 
shown that these "bubbletons" can be produced by dressing from the standard round 
cylinder by the so called simple factors of Terng and Uhlenbeck [27]. Subsequently, 
it was shown in [18] that the simple bubbletons in [13] coincide with those of Sterling 
and Wente [26]. Recently, A. Mahler [19] has shown that indeed Bianchi - Backlund 
transformations can be achieved by dressing. Further, it was recently shown in [17] 
that it is also possible to dress CMC surfaces homeomorphic to the n-punctured 
sphere with suitably chosen simple factors without changing the topology. 

Every CMC immersion of a Riemann surface M induces a 'monodromy representation' 
X — x{li °f the fundamental group tti(M) of M with values in a unitary loop 
group. Moreover, as a function of the loop parameter A, the monodromy matrices are 
holomorphic on C*. Dressing a given immersion with some arbitrary matrix will in 
general destroy the topology and the dressed surface will have a trivial fundamental 
group. Thus the question is: For which dressing matrices will the dressed immersion 
have the same fundamental group? 

To explain this in more detail we note that in our method we associate with a given 
CMC immersion / : M — > M 3 its associated family fx : M — > M 3 , where M denotes 
the universal cover of M and X E S 1 . This way we obtain the extended frame 
F = F(z, z, A) for X e S 1 and z G M. If 7 G 7Ti(M) and we also denote the 
corresponding deck transformation by 7 and write 7*F = F(j(z), 7(2), A) then we 
have 7*F = x^k for some smooth k : M — > U(l). Since, by assumption, the 
immersion f± = f descends to M, the monodromy matrices satisfy the two closing 
conditions x{li 1) = an d <9axIa=i = f° r a ^ 7 e Tti{M). 

If h — h(X) is some dressing element and F denotes the dressed extended frame and 
we write hF = FV + for the dressing equation, then 7*F = hxh" 1 FV+ 7*V^T . Thus 
F has some monodromy x if an d only if LF = FW + , where W + = V + ^/*V^ 1 and 
L = (hxh^Y 1 -^- As a consequence, x — hxh~ l L = hxLhr 1 , where L = hr x Lh. 

We prove that a dressing matrix h preserves the fundamental group of an immersion 
if and only if for every 7 G 717 (M) there exists some matrix L = L(j, A), such that 

(i) LF = FW + , 

(ii) hxh~ l is holomorphic for A G C, 
(hi) hxLh' 1 is unitary on S 1 , and 

(iv) The closing conditions are satisfied for hxLh 1 . 

Clearly, the situation simplifies considerably, if the original immersion has an umbilic 
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point, since then L = ±Id [7]. Let us assume this for now. Considering in this case 
condition (ii) we see that x is holomorphic for A G C* and also hxhr 1 needs to be 
holomorphic on C*, in spite of the fact that h may only be defined on some circle 
of radius < r < 1. We prove that in the situation discussed here we can assume 
that h = M. C, where [C, x] — an d M- is meromorphic on some open dense subset 
§CC*, which contains an open annulus about S 1 . Moreover, 8 is solely defined by 
the eigenvalues of x- In view of condition (iii) we further show that actually M. can 
be chosen so that it is unitary on S 1 . 

This gives altogether a fairly complete description for the case, where an umbilic 
point exists. Similarly complete is the case, dealt with in Theorem 4.3, where x is 
the monodromy of the standard round cylinder. For the general umbilic free case we 
have, at this point, only some partial results. 

Let us briefly outline the contents of this paper. The first chapter sets the scene by 
defining the relevant loop groups, dressing and gauge actions and recalls the DPW 
representation [10] of CMC surfaces. In the second chapter we consider how automor- 
phisms affect maps at the various levels of the DPW construction as a prerequisite 
to understanding monodromy. In chapter 3 we present a factorization as a necessary 
condition on the dressing matrix to ensure that the dressed surface retains the topol- 
ogy of the original surface. In the fourth chapter we apply our methods to the dressing 
orbit of the vacuum and give a self contained account of twisted simple factors. We 
conclude this work by discussing how dressing with simple factors is related to the 
monodromy and apply these methods to a class of CMC cylinders with umbilics. 

The second author wishes to thank F Burstall for many useful discussions and the 
Department of Mathematical Sciences at the University of Bath for its hospitality. 

1 Notation and basic results 

We begin by collecting some well known results on loop groups and the dressing 
action. We shall use the following notation for diagonal and off-diagonal matrices: 

diagh v] = (%° v ),oE[u, u] = (2{})- 
1.1 Loops. For real r G (0,1], let C r = {A G C : |A| = r} and denote the r-Loop 
group of SL(2,C) by 

A r SL(2, C) = {g : C r -> SL(2, C) smooth} . 
We have an involution on maps C r — > gl(2, C) defined by 

a : g(X) i-> ^(-A)^ 1 , a 3 = diagfl, -1], (1-1-1) 
and denote the twisted r-Loop group of SL(2, C) by 

A r SL(2, C) CT = {ge A r SL(2, C) : ag = g} . 
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Analogously, one can define the Lie algebras of these groups, denoted by A r sl(2, C) CT . 
To make these loop groups complex Banach Lie groups, we equip them, as in [10], 
with some H s topology for s > 1/2 or some (possibly weighted) Wiener topology. 
Elements of these twisted loop groups are matrices whose off-diagonal entries are 
odd functions, while the diagonal entries are even functions of the parameter A. All 
entries are in the Banach algebra A r of .£P-smooth functions or of finite (possibly 
weighted) Wiener norm on C r . Furthermore, we will use the following subgroups of 
A r SL(2,C) CT : Let I r = {A G C : |A| < r} and denote 

A+SL(2, C) a = {g G A r SL(2, C) CT : g extends analytically to I r } . 

Let A r — {A G C : r < |A| < 1/r}, and by abuse of notation we denote 

A r SU(2) CT = {g E A r SL(2,C) CT : g extends analytically to A r and g\ gl G SU(2)} . 

Let g : A r -> SL(2, C) a be analytic. Then g G A r SU(2) CT if and only if gg = g for 

(Qg)(\) :=~rfl/X?- 1 . (1.1.2) 
or alternatively, g G A r SU(2) CT if and only if 

(g*)(X) ^gJTJTj* = g(X)-\ (1.1.3) 

For r = 1 we will always omit the subscript V. All the groups above are Banach Lie 
subgroups of A r SL(2, C) a . The corresponding Banach Lie sub algebras of A r sl(2, C) a 
are defined analogously. 

1.2 Iwasawa decomposition. Of fundamental importance in our investigation is 
a certain Loop group factorization. We modify a result from [20] to obtain: 

Multiplication A r SU(2) cr x A+SL(2,C) CT — > A r SL(2,C) CT is a real analytic surjection. 
An associated splitting g = FB of g G A r SL(2, C) a with F G A r SU(2) (7 and B G 
A+SL(2,C) cr will be called an Iwasawa decomposition of g. Note that 

A r SU(2) CT n A+SL(2, C) CT = U(l). (1.2.1) 

If we demand that B(X — 0) has positive real diagonal entries, then the multiplication 
map above is a real analytic diffeomorphism onto. We will call this decomposition 
the "unique" Iwasawa decomposition. 

1.3 Untwisted loops. We shall be primarily working with the twisted loop groups 
and algebras. On occasion it is advantageous to switch to the untwisted setting 
via the isomorphism between untwisted and twisted r-loops: let X u G A r SL(2,C) 
be an untwisted loop. Then the corresponding twisted loop is given by X t (X) = 
D X U (X 2 ) D^ 1 where D = diag[ V'X, 1/y/X]. In matrix notation, this isomorphism is 
given by 




(1.3.1) 
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One technical issue in switching between untwisted and twisted loops is that under 
this twisting isomorphism, an untwisted positive loop is not automatically positive 
when twisted, since the untwisted loop at A = need not be upper triangular. To 
circumvent this issue, we must first perform a Gram-Schmidt orthonormalization at 
A = before twisting the loop. 

More precisely, consider an untwisted loop $ u G A r SL(2,C) with an r-Iwasawa de- 
composition $ M = F U B U with untwisted F u G A r SU(2) and B u G A+SL(2,C). Now 
consider the twisted loop $t(A) = D <3> U (A 2 ) D' 1 obtained from $ u via the isomor- 
phism (1.3.1) and let $t = F t B t be an r-Iwasawa decomposition with twisted F t G 
A r SU(2) CT and B t G A+SL(2, C) . If B u has an expansion B u = B$ + \Bi + . . ., then as 
B G SL(2,C), we may write B = Q R via Gram-Schmidt orthonormalization with 
Q G SU(2) and R G SL(2,C) upper triangular. Consequently, Q~ l B u G A+SL(2,C) 
and Q -1 S U | A=0 = R and thus D Q~ l B u (\ 2 ) D' 1 G A^SL(2, C) CT . Furthermore, we 
then have that 

$ t (A) = (D F u (\ 2 ) Q D- 1 ) (D Q~ l B u {\ 2 ) D' 1 ) (1.3.2) 

with DF U (\ 2 )QD- 1 G A r SU(2) CT and D Q' 1 B U (X 2 ) D' 1 G A;SL(2,C) CT is an r- 
Iwasawa decomposition. It is in this sense that we may carry an Iwasawa decompo- 
sition in the untwisted setting over to the twisted setting. 

1.4 DPW method. Let Q(M) denote the holomorphic 1-forms on a Riemann 
surface M and define the 

AQ(M) = Q(M) <g> jf : C* -> sl(2, C) holomorphic : f (A) = ^ , cr£ = £ J . 

CMC surfaces come in S* 1 families, the associated family. The DPW representation 
[10] constructs all conformal CMC immersions of the universal cover M in the follow- 
ing three steps: Let £ G AQ(M), z G M and $ G A r SL(2,C) CT for some r G (0, 1]. 
To avoid totally umbilical surfaces, we assume det£_i ^ 0. 

1. Solve the initial value problem 

d$ = $(z ) = $ (1.4.1) 

to obtain a unique holomorphic frame $ : M — > A r SL(2, C) CT . 

2. Iwasawa decompose the map <3> : M — > A r SL(2, C) CT point- wise on M 

A) = F(z, A) A) (1.4.2) 

We will always assume that the factors F and -B in (1.4.2) are real analytic in z. The 
map F : M — > A r SU(2) CT will be called unitary frame. If we use the unique Iwasawa 
decomposition, then the factors F and £> are automatically real analytic. 

3. Let H EM* and d\ = J^. Plug F into the Sym-Bobenko formula 

/A-w^f^ + ^r 1 ) (1.4.3) 
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to obtain (possibly branched) conformal CMC immersions f\ : M — > Asu(2) cr with 
mean curvature H, that is, for each A G 5* 1 we have a conformal CMC immersion 
f Xo :M-+ su(2) = M 3 . Note, / A (z) is branched at z if and only if for £_i = off [a, 6] 
we have a(z ) = 0. 

1.5 Frames. We call £ G Afi(M) a holomorphic potential. If $ = is an 
Iwasawa decomposition, then it is not hard to see that the immersions obtained from 
(£, $o? Zo) and (£> 0+5 ^o) differ by a A-dependent rigid motion. Thus the choice of 
initial condition may be restricted to A+SL(2, C) CT . Further, if <3> G A+SL(2,C) CT 
then F(z ) G U(l) and $ = F F (zq)' 1 F (z ) B . Hence we may assume without loss of 
generality that 

F(z ) = Id for all AGS' 1 . (1.5.1) 

Let sl(2, C) = t ©p be the Cartan decomposition induced by the involution a defined 
in (1.1.1). The specific form of £ ensures that the Maurer-Cartan form of F acquires 
the form 

F~ l dF = A~ V p + a t + A a'p (1.5.2) 

where a' p and a p ' are (1, 0) respectively (0, l)-forms on M with values in p and a% 
takes values in t. For each p G M, A i— > A) is holomorphic on C*. Maps 

F : M — > A C *SU(2) (T := p| A r SU(2) CT (1.5.3) 

re (0,1] 

with the property (1.5.2) are called extended unitary frames and denoted by JF(M). 
We call the extended unitary frames for which (1.5.1) holds the normalized extended 
unitary frames and denote these by 

JF Id (M) = {F e T{M) : F(z ) = Id for some z G M] . (1.5.4) 

1.6 Gauge. The DPW representation (£, <3> , zo) >— > F{M) is a surjective map [10]. 
Injectivity fails since the Gauge group 

Q r (M) = {G:M -> A+SL(2, C) ff holomorphic }, (1.6.1) 

acts by right multiplication on the fibers of this map. On the level of the potential, 
this gauge action is given by 

£.G = G- 1 £G + G- 1 dG. (1.6.2) 

A computation shows that if <3> solves (1.4.1) with triple (£, <E> , zo) and G G £/ r (M) 
then the triples (£, $o,^o) and (£.G, ^oG^o), 5 ) induce the same CMC immersions, 
assuming H ^ 0. 

1.7 Dressing. For r G (0, 1], /i G A r SL(2, C) ff and F G JF(M) let 

hF = FB (1.7.1) 
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be a point-wise Iwasawa decomposition of hF in A r SL(2,C) cr , where every factor is 
analytic in z. Then F G T{M). 

Note that F : M -> A r SU(2) CT and 5 : M -> A+SL(2,C) CT are not uniquely deter- 
mined, since for any smooth U : M — > U(l), we again have an Iwasawa decomposition 
given by hF = FU U~ l B. We shall write 

F G [h#F ] (1.7.2) 

to signify that F : M — > A r SU(2) cr satisfies (1.7.1). We call [h#F ] the dressing class 
of F under h and say that F G [/i#F ] was obtained by dressing F G JF(M) by 
/i G A r SL(2,C) CT . 

To preserve the base point condition (1.5.1), one needs to restrict to dressing with 
elements h G A+SL(2,C) a . 

Lemma: Let h G A r SL(2, C) a and F G T U (M) be a normalized extended unitary 
frame. Then there exists a normalized extended unitary frame in [h#F ] if and only 
if h G A+SL(2, C) a . 

Proof: A straightforward computation, see Proposition 2.9 of [5], shows that the 
Maurer-Cartan form of any element in [h#F ] is again of the form (1.5.2). The issue 
is that for F G JF H (M) we have F (z ) = Id, while for F G [h#F ] we have apriori 
only F(z ) G U(l). 

If hF = FB is an Iwasawa decomposition, then F (z ) = F(z ) = Id, implies 
h = B(zq) G A+SL(2,C) ct . 

Conversely, if IiFq = FB is an Iwasawa decomposition, then so is 

hF = FF(z )' 1 F(zq)B. (1.7.3) 

Hence FF{z y l G [/i#F ] and satisfies (1.5.1). Thus FF{z y l G JF W (M). □ 

We thus have a left action of A+SL(2,C) CT on JF H (M) and shall write F = /i#F to 
signify that F G [/i#F ] with F(5 ) = Id. Evaluating hF = h#F B at z also gives 
/i = B(z ). 

1.8 Isotropies. We denote the isotropy group of a map F : M — > A r SU(2) cr under 
dressing by 

Iso r (F) = {/ie A r SL(2, C) CT : F G . (1.8.1) 

For a holomorphic frame $ : M — > A r SL(2, C) CT we define the isotropy under dressing 
by 

Iso r ($) = G A r SL(2, C) a : c? $ = $ G for some G G ^ r (M)}. (1.8.2) 

If g G Iso r ($) with g$ = $G and $ = F B is an Iwasawa decomposition of $, then 
^F = FBGB" 1 with BGfi- 1 G A+SL(2,C) a . Hence 5 G Iso r (F). Conversely, if 
h G Iso r (F), and hF = FH is an Iwasawa decomposition, then h$ = <&B~ l HB and 
thus 

Iso r ($) = Iso r (F). (1.8.3) 
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Further, using (1.2.1) it is straightforward to verify that 

Lso r (F) n A r SU(2) CT = U(l) for F G J- U (M). (1.8.4) 

Umbilic points occur naturally on compact CMC surfaces of genus g > 2 as well as 
on complete, open CMC surfaces with more than two ends. In this context, we quote 

Theorem [7]: If the associated family of F G F{M) has umbilics, then Iso r (F) = 
{±Id} for all r G (0, 1]. □ 



2 Symmetries 

The notion of symmetry for CMC immersions has been discussed in the articles [6, 8]. 
It turns out that symmetry can be defined on various levels in the context of the DPW 
representation. The problem of dealing with symmetries in the DPW representation 
stem mostly from the fact that symmetries on the potential level are, by and large, 
defined as coming from symmetries on the immersion level and have not yet been 
defined completely intrinsically on the potential level. Since symmetries associated 
with automorphisms Aut(M) of the universal cover are central to this article, we 
recall the basic facts, retaining the notation of section 1.4. 

2.1 Definitions. Let / : M — > Asu(2) cr be a CMC H ^ immersion generated by 
a triple (£, <3> , z ) with <3> its holomorphic frame and F its unitary frame. In the rest 
of this section we will always assume 7 G Aut(M) and for a map G with domain M 
we shall write 7*G = G o 7. 

Immersion level: A triple (7, X, T) with X G A r SU(2) (T and T G A r su(2) CT is called 
a symmetry of / if and only if 

7 */ = XfX- 1 + T. (2.1.1) 

Unitary frame level: A pair (7, X) with X G A r SU(2) cr is called a symmetry of F 
if and only if there exists a smooth map k G C°°(M, U(l)) such that 

1 *F = XFk. (2.1.2) 

Holomorphic frame level: A pair (7, X) with X G A r SU(2) cr is a symmetry of $ 
if and only if there is a map H G Q T {M) such that 

7*$ = XQH. (2.1.3) 

Potential level: A pair (7, G) with G G Q r {M) is called a symmetry of £ if and only 
if 

l*i = i-G. (2.1.4) 
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where £.G denotes the gauge transformation of £ by G as defined in (1.6.2). 

Theorem: Let / : M — > Asu(2) CT be a CMC if ^ immersion generated by the 
triple (£, $o> ^o) with $ and F the holomorphic respectively unitary frame. 

(i) If (7, Xi, Ti) and (7, X 2 , T 2 ) are symmetries of /, then X 2 = ±X X and T x = T 2 . 

(ii) If (7, Xi) and (7, X 2 ) are symmetries of F then X 2 = ±Xi. 

(iii) If (7, X x ) and (7, X 2 ) are symmetries of <3> then X 2 = ±X 1 . 

Proof: (i) If (7, X b T\) and (7, X 2 , T 2 ) are symmetries, then 7*/ = XJX7 1 + T\ = 
X 2 fX^+T 2 implies XfX^+T = / with X = X 2 1 X 1 andT = X 2 1 (T 1 -T 2 )X 2 . Since 
a CMC H ^ surface in M 3 is never contained in an affine plane, X/X -1 + T = f 
implies X = ±Id and T = 0. 

(ii) If (7, Xi) and (7, X 2 ) are symmetries of F, then 7*F = XiFki = X 2 Fk 2 . Plugging 
XiF/ci and X 2 Fk 2 into the Sym-Bobenko formula and equating yields 

XJXr 1 - ^(^X^Xr 1 = X 2 /X 2 1 - ^(9 A X 2 )X 2 - 1 . (2.1.5) 

Now X 2 % /X^X 2 + ||X 2 1 ((<9 A X 2 )X 2 1 - (<9 A Xi)X^) X 2 = / and part (i) implies 
X 2 = ±Xl 

(iii) If (7, Xi) and (7, X 2 ) are symmetries of <3> then 7*$ = X^H = X 2 $G implies 
X 2 1 X 1 $ = QGH^ 1 and shows that X 2 X X : G Iso($). Let $ = FB be an Iwasawa 
decomposition of $. Then X 2 *Xi G Iso(F), since Iso($) = Iso(F) by (1.8.3). Hence 
X 2 % = ±Id by (1.8.4). " □ 

For symmetries (7, X 7 ) and (//, X^) of F G J~{M) and corresponding maps /c 7 , /c^, we 
have //* 7* F = X 7 X M F fi*k y and if we assume that ((7 ° //), X 7M ) is a symmetry, 
then part (ii) of Theorem 2.1 implies X 7At = ±X 7 X M and consequently 

k ljX = ±k fl fi*k 1 . (2.1.6) 

2.2 Symmetries of $. We briefly investigate how symmetries of a holomorphic 
potential descend to symmetries of the corresponding holomorphic frame and note a 
simple consequence in case the potential is invariant. In view of these results and our 
subsequent inquiry into the relationship with the dressing action, we allow symmetries 
on the level of holomorphic frames of the form (7, X) with X G A r SL(2, C) . 

Proposition: Let 7 G Aut(M) and (7, G) be a symmetry of £ G Ml(M). Let 
$ : M -> A r SL(2, C) CT be a solution to d$ = $f . Then there exists X G A r SL(2, C) ff 
such that 7*$ = X$G. 

Proof: Since 7*$ and <3>G both solve the differential equation dY = F7*£, there 
exists X G A r SL(2,C) ff with 7*$ = X$G. More explicitly, if $ solves cM> = 
$£, $(5 ) = $ , then X = $( 7 (£ ))G'(£o)- 1 $o D 



9 



We shall again call a pair (7, X) with 7 G Aut(M) and X G A r SL(2, C) CT a symmetry 
of a map $ : M -> A r SL(2, C) CT if there exists a G G £ r (M) such that 7*$ = X $G. 

Corollary: Let 7 G Aui(M) and £ G Afi(M) with 7*£ = £. Let $ be a solution 
to rf$ = $£. Then there exists X E A r SL(2, C) a such that 7*$ = X$. □ 

2.3 Symmetries of F. In view of the previous section, we now characterize how 
symmetries of the holomorphic frame descend to symmetries of the corresponding 
extended unitary frame and show that for open Riemann surfaces, the co-cycle factor 
in equation (2.1.2) can be gauged away. 

Lemma: Let (7, X) be a symmetry of $ : M — > A r SL(2,C) CT . Let $ = FB 
be an Iwasawa decomposition of <£>. Then there exists an X G A r SU(2) o . such that 
(7, X) is a symmetry of F if and only if there exists an element L E Iso r ($) with 
LX- 1 E A r SU(2) CT . 

Proof: Let G E Q r {M) such that 7*$ = X$G. If (7,%) with X G j\ r SU(2) CT is a 
symmetry of F, then by (2.1.2) there exists a differentiable map k : M — > U(l) such 
that 7*F = XFfc. In combination with F = after rearranging, we obtain 

X _1 X $ = $B- l k-f*B G" 1 . (2.3.1) 

Then L := X _1 X G Iso r ($) as B' l k^*BG~ l E Q r (M) andLX" 1 = X" 1 G A r SU(2) cr . 

Conversely, let L E Iso f .($) and LX -1 G A r SU(2) cr . Then there exists an element 
H E Q r (M) with L$ = By (1.8.3), L G Iso r (F) and LF = FV for V = 

BHB^ 1 E Q r {M). Then 7*$ = X$G yields 

7*F = XFBG-i*B~ l = X L^FV BG^B' 1 . (2.3.2) 

Define X := X L~ l and fc := VBG~f*B~ x . On the one hand, fc G </ r (M) while on 
the other hand k = F~ 1 X- 1 7*F takes values in A r SU(2) s , since X G A r SU(2) CT by 
assumption. From equation (1.2.1) we conclude that k : M — > U(l). □ 

Theorem: Let M be an open Riemann surface with Fuchsian group T and let 
fx : M — > IR 3 be an associated family of CMC H ^ immersions. Then there exists 
an extended unitary frame F E J-{M) for f\ such that for every 7 G T there exists 
X G A C .SU(2) CT such that 7*F = XF. 

Proof: First we apply [8], Theorem 2.3 and infer that there exists some extended 
frame F E J~{M) for fx such that for every 7 G Y we have 7*F = HFk, with 
X G A C .SU(2) CT and k : M -> U(l) asjn (2.1.2). Writing F = $B with $ : M-^ 
A r SL(2, C) CT holomorphic and 5 G <? r (M), we obtain 7*$ = X $ W with W E G r (M). 
It is easy to see that W satisfies the co-cycle condition. Therefore, since the open 
Riemann surface M is Stein, by [3], W is a co-boundary and whence W = W 7*iy~ 1 . 
Hence $ = $ VF satisfies 7*$ = X$. Iwasawa splitting $ = with B normalized 
such that the A coefficient in B has positive real entries we obtain 7*F — XF. □ 
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2.4 Symmetries &: Dressing. Next, we characterize how symmetries between 
two dressing equivalent unitary frames are related. 

Theorem: Let F G T{M) have symmetry (7,X ) and h G A r SL(2,C) (T . Then 
F G [h#F ] has symmetry (7, X) if and only if there exists a L G Iso r (F) such that 
X = hXoh^L- 1 . Furthermore, if both F , F G JF H (M), then L G A+SL(2, C) a . 

Proof: Writing IiFq = FB for an Iwasawa decomposition and using 7*Fo = Xo-Fo^Oj 
we obtain hX /i _1 F = YFi*Bk l B~ l . If (7, X) is a symmetry of F then 7*F = XFfc, 
whence 

X^hXoh^F = Fkrf*Bk^ 1 B~ 1 . (2.4.1) 

Set L := X^/iXo/T 1 and ff := k^Bk^B' 1 . Clearly L G A r SL(2,C) a and if G 
£? r (M), so equation (2.4.1) reads LF = FH and is an Iwasawa decomposition of LF . 
Hence L G Iso r (F), and by construction X = ft,X /i _1 F -1 . 

Conversely, assume there exists a map L G Iso r (F) such that LF = FH for some 
H G (? r (M) and hX^h^L' 1 G A c *SU(2) a . Defining X = hX^h' 1 ^ 1 and fc = 
HBkoYB' 1 , a computation yields 7*F = XFk. A priori, fc : M ^A+SL(2, C) CT , 
but as 7*F, X and F take values in A C -SU(2) CT so does k. Hence k : M — > U(l) and 
consequently (7, X) is a symmetry of F. □ 

Corollary: If in addition to the assumptions of Theorem 2.4, Iso r (F) = {±Id}, 
then (7, X) is a symmetry of F if and only if X = rkhX^h -1 . 

Proof: The assumption Iso r (F) = {±Id} implies that for the maps L , H in the proof 
of Theorem 2.4 we have L = Id and H = Id, yielding the claim. □ 

2.5 Groups of symmetries. Extending the results of section 2.4 to groups 
T C Aut(M) of symmetries one obtains: 

Theorem: Let F e T r {M) admit symmetries (7,Xo(7)) for all 7 G T and let 
h G A r SL(2, C) CT . Then F G [/i#F ] has symmetries (7, X( 7 )) for all 7 G T if and only 
if there exist maps L (7) G Iso r (F) such that X(7) = /iXo(7)/i _1 f (7) _1 - Moreover, 
if Iso r (F) = {±Id}, then F admits symmetries (7, X(7)) for all 7 G T if and only if 
X( 7 ) = hXo^h- 1 for all 7 G T. □ 

2.6 Symmetries & Isotropy Let (7, X) be a symmetry of F G JF(M) and 
7*F = XFfc. If L G Iso r (F) and LF = Ff? for an Iwasawa decomposition, then 
X^LXF = Fkr/'Bk- 1 . As {k^Bk' 1 ) is A+SL(2, C) CT -valued, X^FX G Iso r (F) and 
every symmetry (7, X) induces an inner automorphism S : Iso r (F) — > Iso r (F), F 1— > 

x^fx. 

Now consider F G JF M (M), /i g A+SL(2,C) ct and let F = /i#F . Assume that 
(7, X ) and (7, X) are symmetries of F respectively F. If further h G Iso r (F), 
then we obtain a map S : Iso r (F) — > Iso r (F), /i 1— > X _1 /iX /i _1 with the property 

s(h 1 h 2 ) = s(h 1 )h 1 s(h 2 )K 1 . 
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3 Invariant potentials & Monodromy 



We start our investigation of the relationship between monodromy and dressing by 
defining the notion of monodromy on the level of holomorphic and unitary frames in 
the DPW framework. 

Definition: Let M be a connected Riemann surface with universal cover M and 
A the group of deck transformations. Let £ G AQ(M) and $ : M — > A r SL(2, C) CT be 
a solution of = and r G A. A loop q(t) G A r SL(2, C) such that (r, £>(r)) is a 
symmetry of $ will be called a monodromy of $ with respect to r. Let $ = F B be an 
Iwasawa decomposition. A loop x( T ) e A r SU(2) cr such that (r, x( r )) is a symmetry 
of F is called a monodromy of F with respect to r. 

Remark: A monodromy of a normalized extended unitary frame F G J- lA {M) 
takes values in A c »SU(2) cr . 

3.1 Existence of monodromies. Apriori, it is not clear that for some r G A there 
exist monodromies q(t) and x( T ) as i n the definitions above. In case the corresponding 
potentials are invariant under A we can evoke Corollary 2.2 and obtain the following 
sufficient conditions for the existence of monodromies. 

Proposition: (i) Let £ G AQ(M) and $ be a solution of d$ = with initial 
condition $ G A r SL(2, C) . Let r G A with r*£ = £. Then there exists a monodromy 
q(t) G A r SL(2, C) a such that r*$ = g(r) $. 

(ii) Let F : M -> A r SU(2) (T and a = F~ l dF. If r*a = « for r G A, then there exists 
a monodromy x( r ) £ A r SU(2) cr such that r*F = x( r ) 1=1 

It is shown in [9] that CMC immersions of open Riemann surfaces M can always 
be generated by A-invariant potentials £ G AQ(M). If $ = FB is the Iwasawa 
decomposition of a holomorphic frame $ : M — > A r SL(2, C) CT , then we shall need 
to study the monodromy of F in order to control the periodicity of the resulting 
immersion (1.4.3). Even if F is obtained from a potential that is invariant under 
A, we are a priori not assured that there exist loops x{ T ) £ A r SU(2) cr and maps 
k{r) : M — > U(l) such that equation (2.1.2) holds for all r G A or even more 
strongly, that for a = F~ x dF we have r*a = a for all r G A. In analogy to Theorem 
2.4, this issue is characterized by the following 

Lemma: Let (£, $ ,5 ) generate the holomorphic frame $ : M — ► A r SL(2, C) CT 
and extended unitary frame F G J-{M). Let r G A and £>(r) be a monodromy of $. 
Then the following are equivalent. 

(i) There exists a monodromy x( T ) £ A r SU(2) CT of F with respect to r. 

(ii) There exists an element L{t) G Iso r (<3>) with L(r)^ _1 (r) G A r SU(2) cr . 
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Proof: We first show that (i) implies (ii). Let x( T ) £ A r SU(2) CT and k(r) : M -> 
U(l) such that t*F = x(j)Fk{r). Using F = QB^ 1 and r*$ = q(t)$ and rearrang- 
ing, we obtain x( r )~ 1 Q( T )^ = $ B' l k{r) t*B. Then L(r) := xC 7 ") -1 ^ 7 ") £ Iso r ($) 
and L(t)^t)- 1 G A r SU(2) CT . 

Conversely, let Z/(t) G Iso r ($) and assume L(r)^(r)~ 1 G A r SU(2) cr . Then there exists 
an element G{t) G Q r (M) with L(r) $ = $G(r). Multiplying this last equation on 
the right by r*$ _1 and rearranging gives 

F _1 L(r) ^(r)' 1 r*F = 5 G(r) r'S" 1 . (3.1.1) 

The left respectively right hand side of (3.1.1) takes values in A r SU(2) cr respectively 
A+SL(2,C) CT . Hence, by (1.2.1), both sides are A-independent and U(l)-valued. Set 
k(r) := F- 1 L{t) ^(t)- 1 t*F and X (t) ■= q{t) L^y 1 . Then r*F = x (t) F k(r) and 
X (r) G A r SU(2) CT . □ 

Corollary: Let (^, $ , 5 ) generatejhe holomorphic frame $ : M -> A r SL(2, C) CT 
and extended unitary frame F G JF(M). Let r G A and p(r) be a monodromy of 
$ and x( r ) a monodromy of F with respect to r G A. If Iso r (F) = {±Id}, then 
X (t) = ±q(t). □ 

3.2 A factorization Theorem. In this section we work exclusively with untwisted 
loops. Consider an analytic map H : C* — > SL(2, C), for which trif is not independent 
of A. Its eigenvalues are 

H± = \ (trH ± y/(trHf - 4) . (3.2.1) 

We will need to have /i ± holomorphic on some open and dense subset S of C*. To 
this end we slightly generalize the procedure used in [9]. 

Proposition: Let g : C* — > C, 5 ^ be holomorphic. Then there exists some 
connected, open, and dense subset § C C* such that there exists a well defined square 
root function ^fg of g on S. 

Proof: Since g(\) does not vanish identically it has at most finitely many roots on 
S 1 . Moving slightly inside, if necessary, we can choose any < r < 1 such that g does 
not vanish on C r . We form a (scalar) Birkhoff splitting of g on C r : g = g-\ N g + . It is 
easy to verify that, since g is holomorphic on C*, also g_ and g + are holomorphic on 
C*. Now we introduce some cuts: Consider the roots of g + . They are all contained 
in the complement of I r . We cut the Riemann sphere from every odd ordered root of 
g + to infinity. Similarly we cut the Riemann sphere from each odd ordered root of g_ 
to the origin. Thus g- and g + have well defined root functions on the cut domain. If 
is odd, then we also need to introduce one further cut from the origin to the point 
at infinity. This resulting domain will be denoted by S. □ 

Applying this to the function g(\) = trH 2 — 4 we obtain 
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Corollary: The eigenvalue functions //±(A) of a loop H G A C *SL(2,C) are ana- 
lytic on a connected, open and dense set ScC, obtained by making radial branch 
cuts from odd ordered roots a of trif 2 — 4 to the origin respectively the point at infin- 
ity, depending on whether \a\ < r respectively \a\ > r. In addition there is possibly 
a cut from to oo. □ 

For our approach it will be convenient to diagonalize H 

YHY- 1 = diag[/i+, (3.2.2) 

If the matrix entries H\ 2 and if 2,1 of H do not vanish identically, then one can choose 
as diagonalizing matrix Y ( see e.g. (3.5.18) in [9]) 

1 * 



Y=(_h 2l , (3-2.3) 

V 2iv 2iv J 

where Hij denotes the coefficient of H and 2u = trH and v 2 = u 2 — 1. If one 

of the off-diagonal coefficients vanishes identically, then we choose the corresponding 
matrix Y listed in [9]. In this case the diagonal entries are /i±. Note that this works 
in our setting. (Not only in the somewhat more special setting of [9].) 

From the specific form of the matrices Y mentioned above we infer that Y is mero- 
morphic on S, provided the trace trH of H is not independent of A. 

The next result is crucial for our characterization of dressing matrices preserving the 
fundamental group. As before, we denote an open annulus about S* 1 by A r = {A G 
C : r < |A| < l/r} and by C r = {A G C : |A| = r} a circle of radius r. With the above 
notations we have the following 

Theorem: Let h e A+SL(2,C) for some < r < 1 and H G A C .SL(2,C) such 
that the trace of H is not constant. Let § be as in Corollary 3.2. If hHh^ 1 is 
meromorphic on § H A s for some < s < r, then h can be factored, on a possibly 
segmented circle C\ D S for s < I < r, into 

h = MC, (3.2.4) 

where C is SL(2, C)-valued on SnC, and [C, H] = there. Moreover, M is SL(2, C)- 
valued and meromorphic on the connected open set S fl A s . 

Proof: From the above discussion, there exists some Y such that (3.2.2) holds. Let 
us write 

a b 



H-'-^y. (3.2.5) 

Computing hH Yr 1 and evaluating the diagonal entries gives that both 

adfi_ — bcfj J+ , (3.2.6) 

adfj, + — bcfj,- (3.2.7) 
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are meromorphic on § fl A s . Multiplying (3.2.6) by fi + and (3.2.7) by /i_ and sub- 
tracting the resulting equations, implies that bc(ii 2 + — n 2 _) is meromorphic on § fl A s . 
Multiplying (3.2.6) by /i_ and (3.2.7) by /i + and subtracting the resulting equations, 
implies that ac?(/i 2 _ — [i 2 + ) is meromorphic on § fl A s . Assuming n 2 _ — /j, 2 , — would 
imply n± = 1 and contradict the assumption that trH is not independent of A. Since 
fj,± are holomorphic on § fl A s both ad and be are meromorphic on 8 fl A s . Simi- 
larly, evaluating the off-diagonal terms of hH h~ l we obtain that both ab and cd are 
meromorphic on § fl A s . 

If d 7^ on some circle Ci, for s < I < r, then we may write hY' 1 = hdiag[l/d, d] 
with 

h := meromorphic on § fl A s . (3.2.8) 

We define C := Y' 1 diag[ 1/d, d] Y and M :=hY. Then h = MC with C = C{\) 
defined on Q fl § and [C, H] =0 there. Moreover, M is meromorphic on § fl A s . 

If d = on an arc C; fl S for some s < I < r, then both cd = on this arc and 
consequently erf = in S fl I r , and ad e on this arc and consequently ad = in 
S fl I r . Thus d = on C/ fl S implies that both 6, c 7^ on § fl I r and we may write 
hY^ 1 = /idiagfc, 1/c] with 

/i = ^°^ C meromorphic on § fl A s . 

Set C = F _1 diag[c, l/c]Y and = hY. Then /i = C with [C, x] = and M 
meromorphic on § fl A s . □ 

Given an open dense subset ScC*, obtained by making branch cuts from the points 
{ctj} C C* to the origin respectively 00, depending on whether \aj\ < r respectively 
|aij| > r, let § be the set obtained by making branch cuts according to this rule from 
the points {l/atj}. Then the set S* = SflS is invariant under A 1— > 1/A. Note though 
that if there are at least two distinct <x,- G S 1 , then S* is not connected. 

We now improve on these results by exploiting the reality condition of loops in 
A C .SU(2). 

Lemma: The eigenvalue functions /i± of a loop H e A C »SU(2) are of the form 
/jL± — u ± iv, where 2u = tiH and v 2 = 1 — u 2 = X N ■ v 2 with N e 2Z and -0 
holomorphic on S. In particular, S 1 C S = §*. 



Proof: A loop H E A C .SU(2) is of the form 

H(X) = 



y(A) A 
y(l/A) x(l/A); 

with analytic functions rr, y : C* — > C. Hence u\ sl G [—1, 1]. Consequently, the 
function v 2 is real and non-negative on S* 1 and thus has only even roots on S 1 . If 
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{Ai, . . . , A m } are the roots of v 2 on S 1 , we may write 

where s : C* — > C is analytic and s\ sl 7^ 0. We write s = Co s_ A w s + for the scalar 
Birkhoff decomposition of s on S 1 , with c G C* and iV G Z, such that s_(oo) = 
s+(0) = I. With these normalizations, the reality condition u* = u implies s\ = s_ 
as well as 

rrt m 

N = - Kj and co = c JJ Af°. 
Whence also s+(oo) = 1 and t> 2 = A^-O 2 with 

rrt 

{) 2 = c s_ s + JJ(A - Xj) 2Kj . (3.2.9) 
j'=i 

Since s is analytic in C*, both s± are analytic in C*, in fact s+(A) is entire, and thus 
also v 2 is analytic in C*. There are two cases depending on the parity of N e Z. If 
iV is even, then making branch-cuts from the odd ordered roots of s + to the point at 
infinity and branch-cuts from the odd ordered roots of s_ to the origin gives an open 
and dense set § C C* on which v 2 has an analytic square root. Since the roots of v 2 
on S* 1 are all even, we have that also v 2 has an analytic square root on § and S* 1 C S. 
Further, s*^ = s_ implies §* = S. 

Assume that N G Z is odd. Then S is the set obtained as above but with an 
additional branch cut from the origin to the point at infinity. Now u = \/ti 2 H — 4 
has an absolutely convergent power series expansion on S* 1 and is thus well defined, 
so there can not be a branch cut through S 1 . Hence N is even. □ 

Corollary: Let h e A+SL(2,C) for some < r < 1 and H G A C *SU(2) with 
non-constant trace function and let § be as in Lemma 3.2. If h H h~ l is meromorphic 
on Sfl A s for some < s < r and in addition we require that (h H h^ 1 )* = (h H h^ 1 )^ 1 
for all A G S n A s , then 

h = UC (3.2.10) 

with meromorphic loops U, C on a cut but connected annulus respectively a possibly 
segmented circle Ci for some s < I < r with [C, H] =0 there, and U G A r / SU(2) 
for some r' G (0, 1). 

Proof: Note that we have S 1 C § = §* under our assumptions. We apply Theorem 
3.2 and decompose h = Ai C on C\ for some s < I < r with Ai meromorphic on 
Sf]A s and [C, H] = 0. Consequently, we have h H h' 1 = Ai H Ai' 1 on § n A s and 
{hHh' 1 )* = (hHh- 1 )' 1 is equivalent to 

[M*M, H} = (3.2.11) 
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on § fl A s . Next, we seek a loop L, meromorphic on a subset of § fl A s , of the form 
L — fid + g M*M with meromorphic functions /, g on § fl A s , such that 

(ML- 1 )* = (ML- 1 )- 1 . (3.2.12) 

Then h = ML~ X LC is the desired factorization. Equation (3.2.12) is equivalent to 
M*M = L*L and by setting P := M*M, yields 

P = /rid + (f*g + fg*)P + g g*P 2 
= (ft - gg m )ld + (f*g + fg* + <?<ftr(P))P 1 ' ' j 

since P 2 = tr(P)P-Id by Cayley-Hamilton. The Ansatz f = f* = g reduces (3.2.13) 
to 

g 2 = -. (3.2.14) 

y 2 + trP v ; 

If we denote the entries of M by m^-, then the function 

2 

trP(A) = rriijiXjm^X) (3.2.15) 

is meromorphic on § fl A s and is real and positive on S* 1 C § fl A s . With the help 
of a scalar Birkhoff decomposition of g 2 it is straightforward to see that there exists 
a well defined square root of (3.2.14) on S 1 , which extends meromorphically to the 
set Sp C S, obtained by making branch-cuts from the odd ordered roots of 2 + trP 
in the usual fashion. Note that S 1 C E> P and §>* P = S P . Now that g = (2 + tiP)- 1 / 2 is 
meromorphic on §p fl A s , we can set U := ML" 1 , which is meromorphic on §p fl A s 
with U* = U~\ and C := LC, which is defined on Q n S P with [C, H] = 0. It 
remains to show that there exists an r' G (0, 1) such that U G A r / SU(2). 

We choose < r' < 1 such that both of the following conditions hold: 

(i) The only poles of M in A r i fl S are on S 1 , 

(ii) A r , n S P = A r ,. 

Denote the pole set of M in A r i by V = {p±, . . . ,Pk} C S 1 . Let Vj C A r > be an 
open neighborhood of pj such that Vj fl V = {pj}- Let V* = Vj \ {pj}- Since U is 
unitary on §p fl U* fl S 1 , its entries are bounded. Hence U extends analytically to 
Pj for all j = 1,...,K. Consequently, U is analytic in A r > with U* = U~ x . Thus 
U G A r / SU(2), concluding this proof. □ 

In the following sections we will apply the results of the present section to the twisted 
loop groups. 

3.3 Let F G F U (M) and h G A+SL(2, C) CT and let F = h#F. Then F G F lA (M). 
Let r G A and x(r), x(t) be monodromies of F respectively F. Writing hF = FB 
for an Iwasawa decomposition and t*F = x( T ) F k( T ) an d t*F = x( T ) F k(r), we 
obtain 

xirVhxir) h-'F = Fk(r) (r*B) k^B- 1 . (3.3.1) 
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Since fc(r) (t*B) k{T)- 1 B~ 1 G Q r {M), this proves that 

x{rY l h X {T)h- 1 Glso r (F). (3.3.2) 

Since F(f ) = F(z ) = Id, evaluation of hF = FB at the base-point z yields 
ft, = B(z ). Evaluating equation (3.3.1) at z and solving for x(t) gives 

X(r) = h x(t) K t , 5 o) B (r(5 ))^ 1 fc(r, z^ 1 

= h X {r)h- 1 L, Leho r {F) (3.3.3) 
= ft x (t) b ft~\ b := hT x L h G Iso r (F). 

This leads us to an application of Theorem 3.2 and shows that if a dressing matrix 
preserves the topology, then it factorizes as in (3.2.4). 

We now denote by § = §* the set obtained from the eigenvalues of a monodromy x- 

Theorem: Let r G A and F G Fi d (M) with monodromy x = x{ T )- We assume 
that the trace of x is n °t constant. Let ft, G A+SL(2,C) CT such that hxh" 1 is mero- 
morphic on § fl A s for some < s < r, where S is as in Lemma 3.2. If F — h#F has 
a monodromy x with respect to r, and if S is defined for x according to Lemma 3.2, 
then h can be factored, on a possibly segmented circle C\ fl § fl § for I G [s, r], into 
h = MC where C = C(t, A) is twisted SL(2, C)-valued and defined on C x n Sn S and 
[C, x] — there, and .M = A^(r, A) is twisted SU(2)-valued and meromorphic on 
the connected open set S 1 C § fl S fl A s . 

Proof: By the above (3.3.3), for the dressed monodromy we have x — h x h -1 L with 
L G Iso r (F). Clearly, L is defined and meromorphic on § fl A s . Moreover, we can 
write x = hxLh^ 1 , where L G Iso r (F). From this we conclude that the eigenvalue 
functions of x L are the same as those of x- At this point we undress every occurring 
matrix and continue, until the very end of the proof, to work in the undressed setting. 
We note that the domains of definition of the dressed and the undressed matrices are in 
a natural correspondence and that unitary matrices are mapped to unitary matrices, 
while the "positive matrices" almost correspond. For simplicity of notation we will 
use the same notation as in the twisted situation. First we note that we can apply 
Theorem 3.2 to hxh^ 1 . Hence h = MC, where M has values in SL(2,C) and is 
defined on S. As a consequence, x — MxM^L = MxL'M^ 1 . From this expression 
we infer that V is defined and meromorphic on S. Now we can apply almost verbatim 
the proof of 3.2, if we replace everywhere S by § fl S = § and obtain that we can 
assume that M. is defined and holomorphic on some open neighborhood of S* 1 and 
unitary on S 1 . Finally, twisting every occurring matrix again we obtain the desired 
result. □ 

When the associated family of F G JF M (M) possesses umbilic points, then, since 
dressing preserves umbilic points [29], Iso r (F) = {±Id} for F = hj^F and (3.3.2) 
implies 

X (r) = ±h X (r) h- 1 G A c .SU(2) ct . (3.3.4) 



18 



This allows us to restate Corollary 3.2 for the trivial isotropy case: 

Corollary: Let F e F Id (M) with Iso(F) = {±Id}. Let x = x(t) e A C *SU(2) CT 
be a monodromy of F with non-constant trace. Let h G A+SL(2,C) CT for some 
r G (0, 1]. If hj^F also has a monodromy with respect to r, then h can be factored 
into h = UC with [C, x] = and U = U(r, A) the meromorphic extension of an 
element of A r /SU(2) (T for some r' G [r, 1]. □ 

We were not able to prove the corresponding result for a general F G JF H (M) without 
the isotropy condition. It turns out, that we do have an analogous result for the 
dressing orbit of the vacuum, to which we now turn our attention. 



4 Dressing the vacuum 

4.1 Definitions. The standard round cylinder (="the vacuum") has the conformal 
structure of the punctured plane C*. If we identify C* = C/qZ for some g 6 C*, then 

exp : C — > C*, w i — ^ z — exp(qw) (4-1.1) 

is the universal covering map. The group of deck transformations A = Z is generated 
by the translation 

r q : w i— > w + q. (4-1-2) 
An extended unitary frame of the associated family of the vacuum is given by 

F c (w, A) = exp((wA" 1 - w\) A) (4.1.3) 

where 

a -(;;). (4.L4) 

A monodromy with respect to r q of F c is given by 

Xc(r q )=exp((qX- 1 -qX)A). (4.1.5) 

The map F c : C — > A c »SU(2) cr is obtained in the DPW framework from the triple 
((A -1 + X)Adw, Id, 0). Note that we have chosen the base-point w = 0. The 
corresponding holomorphic frame is 

$ c (w, A) =exp((X- 1 + X)wA) (4.1.6) 

with monodromy with respect to r q given by 

g c (r q ) = exp((X~ 1 + X)qA). (4.1.7) 

Note that if q G iR, then Q c {r q ) G A c .SU(2) ct and g c (r q ) = Xc(j q )- 
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4.2 Commuting flows. Denote the abelian sub-algebra of elements of A c .sl(2, C) a 
that commute with A and have a pole at A = by 

Z = {(f) A: 0(A) = EfaX' odd , j > -K, K = 2g + 1 G N} . 

Let h G A+SL(2, C) CT , rj E Z and define /i(j?y via the r-Iwasawa decomposition 

hexp(rj)=Uh$ri. (4.2.1) 

Further, for F = h#F c define Ftyq := (h$r])#F c . By [5], Proposition 4.1, this is an 
action on the dressing orbit of F c : If r]i, i]2 E Z, then -Fjj(^i + i] 2 ) = {F^)^ = 
(F^r]i)^r]2 and if r\\ — r\2 G A+sl(2, C), then F%r\\ = F$r)2- By construction ( = (pA G Z 
is analytic for A G C* with a pole at A = 0. Expanding 0(A) = J2j>-K <Aj' / ^ > observe 
that exp(C)#-F c = exp(r/)#F c where 77 = 0'A and 0' = Yl°j=-K * s analytic on 
CP 1 \ {0}. Since 77* = <f>*A is analytic in C, e"""* G A c .SU(2) a and e^#F c = e"-"*F c . 
Hence, when dressing with e^, we restrict without loss of generality to ( G Z of the 
form 

C = »V\ ' - o ; ,VU (4.2.2) 
j'=i 

where 0^ G C and summation is over odd indices j — 1, 3, . . . , K — 2g+ 1 G N. Then 

K 

exp(C) #F C ( W , A) = exp(^(0,A^ - faX j )A) F C ( W + fa, A). (4.2.3) 

i=3 

For ( G 2 of the form (4.2.2) we have e K G A c »SU(2) ct for all tel. Hence, for any 
extended unitary frame F G T{M), we have e^ftF = e^F which on the level of the 
immersions has the effect 

/ exp(tC)/ exp(-tC) - jniXt^. 

Each C, E Z defines a flow on the dressing orbit of the standard round cylinder by 

F t := FUC = (hUOm = U(X, ty l h^F c (4.2.4) 

where we have defined U(X, t) via the r-Iwasawa decomposition he 1 ^ = U(X, t)(h$t() 
and F = hj^F c for some h G A+SL(2, C) a . The flow F t is called trivial if and only if 
F t = V{t)FV{t)~ l for a A-independent map V : R -> SU(2) and F is of /irate type if 
and only if the subspace Z' C Z of trivial flows has finite co-dimension in Z. 

4.3 Monodromy. Let h G A+SL(2,C) CT and hF c = FB the r-Iwasawa decompo- 
sition of hF c such that at the base-point w = we have F c (0, A) = F(0, A) = Id 
and h(X) = B(0, A). Let us assume that F has symmetry (r q , x( T q))- From (3.3.3) 
we obtain 

x(r q ) = hXc(T q )B(q)-\ (4.3.1) 
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For completeness of exposition we prove the following result, first obtained in sections 
3.1-3.4 of [6]. 

Lemma: Let h e A+SL(2,C) CT and F c be as in (4.1.3). Assume that h#F c has 
monodromy x( r <j) £ A c »SU(2) cr . Then there exists an odd function f q :C r ^C with 
a holomorphic extension to I r such that B(q)" 1 = exp(f q A) h~ l . Setting 

p q (\) = q\- 1 -q\ + f q (\), (4.3.2) 
we may write the monodromy of h#F c as 

X (r q ) = hex P ( Pq A)h- 1 . (4.3.3) 



Proof: Let Xc(t<?) be the monodromy of F c as in (4.1.5). Then 

Xc (r q )F c = r* q F c = h^x^hF^-^B (4.3.4) 

in combination with (4.3.1) gives B(q)- l B{tt)F c = F c t*B- l B. 
Hence [B(q)~ 1 B(0), A] = and for the matrix 

T = ^(-i 1) < 4 3 5) 

we have TAT' 1 = a 3 and [TS(g)- 1 S(0)T- 1 , a 3 ] = 0. Thus T J B(g)~ 1 J B(0)T- 1 = 
diagfsg, s" 1 ] for some holomorphic function s q : I r — > C*. Defining s q = exp(/ 9 ) 
yields B(q)^ 1 B(0) = exp(f q A). Since -B(O) = /i, this proves the claim. □ 

The point of Lemma 4.3 is that we can now write a monodromy of an extended frame 
in the dressing orbit of the vacuum as 

cosh(p q ) Id + smh(p q )h Ah' 1 (4.3.6) 

and much of the analysis reduces to the study of the two scalar functions 

a = cosh(p q ) and (5 = sinh(pq). (4.3.7) 

In analogy to Corollary 3.3 we have the following result for the monodromy represen- 
tation of surfaces in the dressing orbit of the cylinder. 

Theorem: Let h e A+SL(2, C) CT and F c be as in (4.1.3). Assume that /i#F c has 
symmetry (r q , x{ T q))- Then h = M(r q )C(T q ) with M{r q ) G A r /SU(2) (T for suitable 
r < r' < 1 and [C(r q ), A] = 0. 

Proof: For T defined in (4.3.5) and by Lemma 4.3, we may write 

X (r g ) = /iT- 1 diag[exp(-p 9 ), exp(p q ) ]Th~ 1 . (4.3.8) 
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for <| A |< r. Let hT 1 = ("d)- The diagonal entries of x( T q) are analytic 
functions in A G C* and given by 

ad exp(-pg) - be exp(p q ), (439) 
ad exp(p q ) — be exp(— p q ). 

Adding these implies that a = cosh(p g ) is an analytic function on C*. More precisely, 
a has an analytic extension from <| A |< r to C*. Solving for exp(p q ) we obtain 
exp(p g ) = a + y/a 2 — 1. This is analytic on the set § C C* obtained by making 
branchcuts from the odd-ordered roots of a 2 — 1 in the usual fashion. Note that 
the equation (4.3.8) above implies that fi± = exp(±p g ) are the eigenvalues of x( r q)- 
Hence, by Lemma 3.2 we know that § is open, connected, and dense in C*. Moreover 
we have S 1 C § and § = S*. 

Consequently, exp(— p q ) is holomorphic on S. Multiplying the (1, 1) entry of x{ T q) 
by exp(p q ) and the (2,2) entry of xijq) by exp(— p q ) and subtracting the resulting 
equations implies that bcsinh(p q ) is holomorphic on §. Note that (5 = sinh(p g ) ^ 0. 
Hence be is meromorphic on §. Similarly one shows that ad is meromorphic on §. 

The off-diagonal terms of x( T q) are 2a6/5 and —2cdf3. Hence both ab and cd are 
meromorphic on S. If d 7^ on the circle C r , then as in (3.2.8), we may write 
hT~ l = hDi with D\ = diag[l/<i, d] and h meromorphic on S. 

Defining C(r q ) = T~ X D{T, M{r q ) = hT yields h = M(r q )C(T q ) with [C(r q ), A] = 
and M.{T q ) meromorphic on S. Arguing as in the proof of Theorem 3.2, d = on 
an arc C s fl § implies that both b, c 7^ on § and we may write hT^ 1 = hD 2 with 
D 2 = diagfc, 1/c] and h meromorphic on S. Defining C(r q ) = T~ 1 D 2 T, M{r q ) = hT 
yields h = M(r q )C(T q ) with [C(r q ), A] = and M(r q ) meromorphic on § in this 
case. In either case, on C r we may write 

x (r q )=M(r q ) exp(p q A)M(r q r 1 . (4.3.10) 

Introducing an additional cut from to —00 we obtain a simply connected domain 
S = §*, on which we can take the logarithm of the holomorphic function exp(p q ), thus 
defining p q on S. Then on § we combine x( r <?)* — x( r <j) _1 with (4.3.10) to obtain 

M*(r q )M(r q ) exp(-p q A) = exp(p* q A) M* (r q ) M{r q ). (4.3.11) 

For T defined in (4.3.5), recall that T AT' 1 = diag[l, -1]. Since T e SU(2), 
the matrix X := T M*(r q ) M(r q ) T _1 is hermitian and of the form X = WW*. 
In particular, if we write X = (|I), then x 7^ 0. We can rewrite (4.3.11) as 
X T exp(-p q A) T" 1 = T exp(p* A) T _1 X and obtain 



x y\f exp(-p q ) \ = / exp(p*) \ fx y 
y z) \ exp(p q )J \ exp(-p*)y \y z 



(4.3.12) 



Since x 7^ 0, then exp(— p q ) = exp(p*) on S and we conclude that coshQo*) = cosh(p g ) 
and sinh(p*) = — sinh(p g ). Consequently exp(p*A) = exp(— p q A) on S and equation 
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(4.3.11) reads 

[M*(r q )M(r q ), exp(- Pq A)] = 0. (4.3.13) 

From the proof of Corollary 3.2 we now obtain some L(r q ) and r' £ [r, 1) such that 
M(r q )L(T q ) G A r /SU(2) CT and [L _1 (t 9 ), C(r q )} = 0, and concludes the proof. □ 

Before going on to evaluate the result above to examples we would like to relate the 
work above to [6]. Of particular interest to us is equation (3.6.7) there: 

h = — ( (x-x-^b ^ (x + x-^b ^ \ (4.3.14) 

+ 2\/b\( xJrX 1 ) ~ ( x ~ x 1 ) a [x — x 1 ) — (x + x 1 )ay 

where a and b denote the entries of the matrix hAh~ l in the (ll)-position and the 
(12)-position respectively. This is the general form of a dressing matrix having on x 
the same effect as h. The question addressed in the Theorem above is thus equivalent 
to the question whether one can choose x so that h + is unitary on S 1 . 

Lemma: The matrix h + is unitary on S 1 if and only if 



\x\ 2 = (4.3.15) 

1 - a + 

This equation can be solved with some x holomorphic at A = and well defined on 
some sufficiently well cut complex plane. 

Proof: The unitarity condition for h + yields two equations. However, a straightfor- 
ward computation shows that these two equations are equivalent. It thus remains to 
consider 

(x* - (x*)- 1 )^ = 4=[(x - x- 1 ) -(x + x'^a}. (4.3.16) 
Vb 

Splitting this equation into real and imaginary part yields two equations. However, 
again, a straightforward computation shows that these two equations are equivalent. 
It thus suffices to consider 

(Re(x)* - (Re(xYY l )\J^\ 2 = (Re(x) - i?e(x) _1 ) - (Re(x) + i?e(x) _1 )a. (4.3.17) 

Note that we have used here that a is real on S 1 by [6], Theorem 3.7. Using x^ 1 = 
x/\ x | 2 this equation rewrites directly into the claim. □ 

Corollary: h + can be chosen diagonal if and only if a — 0. In this case the 
diagonal entries of h + are unitary on S 1 . 

Proof: Using (4.3.14) for general x we see that h + is diagonal only if x + x' 1 vanishes 
identically, since b cannot vanish by b) and c) of [6], Theorem 3.7. Inserting this into 
the second off-diagonal expression for h + we obtain a = 0. The converse is obvious 
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choosing x = i. Assume now that h+ has been chosen as a diagonal matrix. Since 
a vanishes in this case as just shown, c) and e) of [6] imply that b is unitary on S 1 . 
Finally, in view of (4.3.14), we obtain 

h + = -^=(x - x _1 )diag[fe, 1]. (4.3.18) 

Moreover, x = —x' 1 , whence x = ±i. The condition det h + = 1 is now satisfied. 

Thus necessarily h + = ±diag[\/&, 1/V&] and the diagonal entries of h + are unitary 
on S 1 . □ 

An immediate consequence of the above discussion leads to following observation. 

Corollary: Let h G A+SL(2, C) a such that h exp(p g A) h~ l G A C .SU(2) CT for some 
translation r q . If h is diagonal, then h 4 is rational on CP 1 and h 2 is analytic in CF 1 \H, 
where Ti is the set obtained by making appropriate branchcuts from the points lying 
in the set 

U' = {A G CP 1 : |A| > r and p q (X) G niZ} U { singularities of p q {\)} (4.3.19) 
and h is unitary on S 1 . □ 

Remark: Writing h = diag[a, 1/a], we have that x{ T q) = aid + PoS[a 2 , a~ 2 ] 
is analytic on C*. Hence a 2 and a~ 2 are analytic in H and even in A. Following 
the procedure for splitting a matrix we first untwist h. The above procedure for 
constructing the factorisation h = M.C gives 

If 1 + a 2 1 — a 2 \ _l (a + l/a a — 1/a 



M = 2{-l + a-i l + a-J' C =2(a-l/a a+l/a)' 

where a really denotes the untwisted function. Now we need to twist again. This way 
we obtain the original function a and in addition the off-diagonal terms are multiplied 
by A (in the (12— )position) and by A -1 in the (21)— position respectively. Clearly 
this leads to a matrix M. which is twisted as required. 

4.4 Delaunay Surfaces. As an example, we discuss how to dress the vacuum 
into a Delaunay surface and compute the splitting of this dressing matrix according 
to Theorem 4.3. It is proven in [14] that an associated family of the Delaunay surface 
with neck radius u is generated by the triple (Ddz/z, Id, 0), where 

D= U- 1 + «A )' ( 4A1 ) 



and a, (3 G P with a + (3 = 1/2 and uj — -^(1 — y/1 — lQa(3). The monodromy of the 
unitary frame with respect to the translation r q for q = 2-ni is given by exp(27n.D). 
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Therefore, to dress the standard cylinder into a Delaunay surface, it suffices to de- 
termine a diagonal h = diagfa, l/a] G A+SL(2, C) a for some suitable r > such that 
p q hAbr x = D, which is equivalent to the two equations 

a ±2 (q\- 1 -q\ + f q ) = 2m{a\ Tl + /?A ±1 ). 

Solving both equations for a 2 and equating gives 

2ttV(" + /3A 2 )03 + a\ 2 ) = q-q\ 2 + \f q , (4.4.2) 

which in turn yields a 2 = a/(« + [3\ 2 )/([3 + a\ 2 ). Evaluating (4.4.2) at A = gives 
q = 2ixi^p. If p : = min{ | y/a/P\ , l yW^I}, then /i G A+SL(2,C) CT for < r < p. 
It is easily verified that p(X) = 2iriy/— det D vanishes at the singularities of h. In 
summary, the matrix that dresses the vacuum into a Delaunay surface with neck 
radius u> is given by 

MA) = diag[yf±g,ygg] (4.4.3) 
Untwisting h, factoring h = M.C as in (4.3.20) and twisting back gives 

(4.4.4) 

Evidently = M^ 1 so that this is actually the decomposition according to Theorem 
4.3. The domain of M. is the genus one hyperelliptic curve /i 2 + det D = 0, the spectral 
curve of the underlying Delaunay surface. 

4.5 Finite Blaschke Products. The function f q occurring in Theorem 4.3 is not 
always as easy to deal with as in the above example nor can it generally be explicitly 
computed. Nonetheless, even the trivial case f q = is quite interesting and the 
corresponding dressing matrices are of such a simple form that the involved Iwasawa 
decomposition can be explicitly computed. 

Lemma: Let h e A+SL(2, C) a and F c be the unitary frame of the round cylinder 
with monodromy Xcijq) = exp((q , A _1 — q\)A) for some q G C* with 

v^-v/^ttZ. (4.5.1) 

Assume F = h#F c has a monodromy hxdjq) exp(/ g A) h~ l G A c »SU(2) cr as in 
equation (4.3.3). Then the following are equivalent 

(i) h Xc {r q )h' 1 G A c .SU(2) ct 

(ii) f q = 

(iii) hAhr 1 is rational on CP 1 with only simple poles. 
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Proof: We first show that (i) implies (ii). The assumption (i) allows us to write the 
monodromy of F as hxdjq) h -1 • hexp(f q A) h~ l , where the first group of factors is 
unitary and the second group of factors is contained in A+SL(2, C) and has first 
term I. Therefore the condition that the whole expression is unitary is equivalent to 
hexp(f q A) h~ x being unitary. But it is also in A+SL(2, C) a . Therefore it is in U(l). 
But since it starts with J, it is identically equal to I. As a consequence exp(/ 9 A) = I. 
Hence f q = 2irk for some k G Z and k = 0, since f q is an odd function by Lemma 
4.3. This shows that (i) implies (ii). 

Let us prove that (ii) implies (iii). Recall from (4.3.6) and (4.3.7) that h exp(p q A) h~ l = 
ald+(3 hAh~ x . Since f q = Owe have p q = \~ 1 q— X q and therefore f3 = sinh(A _1 g— Xq) 
is holomorphic on C*. By assumption, (3 hAh" 1 is holomorphic on C* so that h Ah" 1 
is meromorphic on C*. Let A G C* be a root of (3 = sinh(A _1 g — Xq), that is, it lies 
in the set 

S q r = {X G A r : X~ l q- Xq G niZ} . (4.5.2) 

Then (3'(X ) = ±(Ag 2 g — q) ^ if and only if A ^ ±i \/q/q- Our assumption (4.5.1) 
ensures that ±i^Jq/q £ S%. Hence all roots of (3 in C* are simple. Therefore the 
entries of hAh^ 1 can only have simple poles in C* which must lie in Note also 
that hAh^ 1 is holomorphic at A = 0. Hence hAh^ 1 is a holomorphic germ at the 
origin with a meromorphic extension to C*. In Section 3.5 of [6] it is shown that the 
squares of the entries of h Ahr 1 are finite at oo. Hence h Ahr 1 is rational on CP 1 
and proves that (ii) implies (iii). 

Finally we show that (iii) implies (i). By equations (4.3.6) and (4.3.7) we write 
X = aid + (3 hAh^ 1 and use the fact that f3hAh~ l is holomorphic on C*. With 
assumption (iii) this implies that (3 is meromorphic on C*. Since a is holomorphic on 
C*, so is a 2 and consequently (3 2 = a 2 — 1 is holomorphic on C*, therefore (3 itself is 
holomorphic on C*. Further, from x* — X~ l — aid — /3 hAh~ l we deduce that a is 
real on S 1 , i.e. a* = a. And since (3 2 is real and non-positive on S 1 , and since (3 is 
holomorphic on C*, we obtain (3* = —(3. Consequently, (hAh' 1 )* = hAh" 1 and thus 
hxci^q) h~ l = exp((A~ 1 g — Xq)hAh~ 1 ) G A c »SU(2) cr . This proves that (iii) implies 
(i) and concludes the proof of the lemma. □ 

Remark: 1. The result above seems to indicate that for every "type of f q " one 
obtains an associated type of dressing matrix. 

2. In the case f q — and the setting of [6], the hyperelliptic surface associated with 
the dressing is simply the Riemann sphere S 2 . If this class would contain some torus, 
then one would have an example for the "singular tori question" of [1]. 

3. The set in (4.5.2) is finite for fixed r. Further S q C H. if and only if q G iM., in 
which case q also satisfies (4.5.1). Finally, it is easy to see that if A G S q then also 
A, 1/A, 1/A G S?., and in particular, (S?)* = S-f. 

We apply Lemma 4.5 to a class of diagonal dressing matrices for which f q = 0. 
Corollary: Let h = diagfa, I /a] G A+SL(2, C) CT . Then h has an extension to A r > 
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for some r' G [r, 1] such that h* = h 1 on A r > and hx c {T q )h 1 G A c »SU(2) ct if and 
only if a 2 is a finite Blascke product 

N a 2 - A 2 

Proof: Assume h has a unitary branch on S* 1 and hxd^h' 1 G A c »SU(2) ct . Then 

by Lemma 4.5 we conclude that h Ahr x = off [a 2 , 1/a 2 ] is rational with simple poles 
and zeroes located in S%. Hence a 2 is of the form (4.5.3). The converse is proven by 
direct verification. □ 

Dressing matrices characterised in the previous proposition are thus of the form 



N 



3=1 



( I a 2 -A 2 n \ 



o 



o 



i-a?A 2 



, aj G S q r (4.5.4) 



and are a special instance of an interesting class to which we now turn our attention. 
4.6 Simple factors, untwisted case. 

In this section we will deal primarily with untwisted loops. The previous discussion 
has naturally lead us to a class of special dressing matrices, the so called simple factors 
of Uhlenbeck [28] and discussed in similar context in [27] and [4]. The main feature 
is that dressing with simple factors is explicit. This construction, due to Terng and 
Uhlenbeck [27] goes as follows: 

We decompose C 2 = L © I> for L = C ( % ). Then for all A G GL(2, C) we have 

A% _L A^h 1 - (4.6.1) 

The hermitian projection 7r L : C 2 — > L onto L is given by 

1 f\a\ 2 ah 
nL ~ \a\ 2 + \b\ 2 V ab \b 

Let a G II = {A G C : < |A| < 1}. Then the map 

a — A 



r a (X) = 



1 — a\ 

is invariant under g. For given L and a G I±, a simple factor [27] is a loop of the form 

V>a, L (A) = 7T L + r a (A) tt^. (4.6.2) 
By construction, ^ ajL : CP 1 \ {a, 1/a} — * GL(2,C) is analytic and since \a\ > 0, 

^ Q)L G A+GL(2, C) for r < |a|. (4.6.3) 
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Clearly, simple factors are not twisted. Further, since ip^ ^ — ip a ^ — 7i~l H~ T a 1 n£ , we 
have that 

V> q ,l e A r U(2) for r > |a|. (4.6.4) 
For later use we also note the fact that for any A G U(2) we have 

if> a ,AL = Ail> 0ltL A- 1 . (4.6.5) 

Let C/ G A C »SU(2), a G /* and L G CP 2 and ip a ^ be the corresponding simple factor. 
Then it can be shown, see e.g [17], that 

ij^Uij- 1 t G A C «SU(2) (4.6.6) 

a, 17 (a) L 

Consequently, we have an explicit r-Iwasawa decomposition of ip a ,hU for r < \a\, 
given by 

For the geometric applications considered in this paper it is of great value to have a 
simple and explicit formula for the dressed frame. Simple factors, for which L depends 
on A and are of the form 

^a,L(A) = 7T L ( A ) + T a (A) (Id - 7T L ( A )) (4.6.8) 

will be called generalised simple factors. We would like to present an analogous result 
to 4.6.7 for such generalised simple factors: 

Theorem: Let L : C* -> CP 1 be holomorphic and (L, L*) ^ for all A G C*. 

Let a G I{ and ip a ,h{\) be the corresponding generalised simple factor. Then for any 
t/GA c .SU(2) 

^#U = ^ MX) Ur^ L{ay (4.6.9) 
Proof: Fix A G C* and write L(A) = [a(A) : 6(A)]. Then for L = [1 : 0] and the 
holomorphic map 

™ - (S ~H) ^ 

we have L(A) = W(X) L and W{\) G A C *U(2). Applying 4.6.5 to A = W(X), A G C*, 
we obtain V a ,L(A) = W(A) W(Xy l and 

^,l(a) 17(A) = W{\)^ aM W{X)- l U{\) 

= (W(X) ^,L ^(A)- 1 f/(A)^ 1 L() ) V«,L£, 



where Lq = (W(a) 1 f/(a)) L . The right side is an Iwasawa decomposition. The 
unitary part can be rewritten in the form 

w(\) i, aM wixy 1 u(\) = ^,l ( a) u(x) r a \, o ■ 
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It is straightforward to verify L' = U(a) L(a), thus proving (4.6.9). □ 

4.7 Twisting of simple factors 

Since generalised simple factors are in general untwisted, we need to modify the 
concept so that it can also be used for the twisted case. We discuss two approaches 
to deal with simple factors in the twisted case by firstly, taking a simple factor and 
applying the 'twisting map' and secondly, looking for products of simple factors which 
happen to be twisted. Applying the 'twisting map' (1.3.1) to a simple factor we obtain 

VVL(A) = D(X) VVl(A2) Di^y 1 = ^a,D(A)L(A2)- 

Lemma: a) Twisting a generalised simple factor produces again a generalised 
simple factor. 

b) Let ip be a simple factor (L is independent of A). Then the corresponding twisted 
simple factor is again independent of A if and only if 

D^D- 1 = tt l or tt^. (4.7.1) 

□ 

Remark: Since D — D{\) is diagonal, the only projections satisfying the condi- 
tion (4.7.1) above are those onto the canonical basis vectors. 

4.8 Twisted products of simple factors As mentioned earlier we also consider 
products of two simple factors and determine, when such matrices are twisted. Recall 
the two involutions g, a defined in (1.1.1) respectively (1.1.2). 

Proposition: 

a) Let g G A r SL(2, C). Then (ag)g is twisted if and only if [ag, g] = 0. 

b) If g G A r SU(2) CT , then (ag)g G A r SU(2) CT . 

c) Let ip a ^ and be simple factors. If a(tp a ^) ipp £ is twisted, then ip aiL = V^l- 

d) If cr(ip a: L)i J a,L is twisted, then either a(n L ) = 7r L or a(ii L ) = . 

Proof: a) The loop (ag)g is twisted if and only if a ((erg) g) = g ag = (ag) g, which 
is equivalent to [ag, g] = 0. 

b) The loop g G A r SU(2) CT if and only if gg = g. Then g((ag)g) = (gag) (gg) = 
(crgg) (gg) = (erg) g, since [g, a] = 0. Hence (ag) g G A r SU(2) a . 

c) The product is twisted if and only if afya^-ipp j = ipa.L'^^p z)- us abbreviate 
A = ip a ,L and B — ip^^. Then the pole of A is at 1/a, while the pole of B is at 1/(3. 
On the other hand, the pole of a(A) is at — 1/a and the analogous result holds for 
B. Thus comparing the two sides we obtain a = (3. Expanding near a pole and 
comparing the factors we derive L = L. 
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(d) If (cri/)a,L)i>a,L is twisted, then by part (a), [ct^l, V'o.l] = which is equivalent 
to the eigenspaces of cr0a,L an d V'q.l coinciding. Thus there are two possibilities: 

o"3 ttl o"3 1 = or 7Tl . (4.8.1) 

This proves (d) and concludes the proof of the proposition. □ 
We are going to evaluate the two possibilities in (4.8.1). 

(i) Let us turn to the first case in (4.8.1): For the line L = C(J) we have ^ QjL = 
diagfl, T a \. Using r a (X)r a (-X) = r a2 (A 2 ) we obtain (atp a ,L)^a,L = ttl + ^(A 2 )^. 
Dividing by the square root of the determinant we arrive at all diagonal twisted simple 
factors 

<7a >L (A) = \J ^(A 2 ) 7r L + ^A&jnt (4.8.2) 
Then g a ,L(X) G A+SL(2, C) ct for < r < |a| and in matrix form is given by 




J7«,l(A) = V r~2 77" ( 4 -8-3) 



Notice that <? a ,L(A) 1 corresponds to a factor of the matrix given in (4.5.4). 

(ii) Let us turn to the second case in (4.8.1): o-^-n^a^ 1 = ir^. For L = C(a, 6)* and 
hermitian projection 7r L : C 2 — > L we have <t7t l = if and only if |a| 2 = \b\ 2 = 1/2. 
Setting a = ^75 exp(is) and 6 = ^ exp(it) and rescaling, we may assume without loss 

of generality that L = C(e id , l)*. Then tt l = |(Id + off[e if? , e"*]) and for Va, L = 
+ T a (A) we have <Jip a ,L = + T a(— X) 7r L and consequently 

(<7ll>a,L)ll>a,L = T a (A) 7T^ + T Q ( A) 7T L 

= TZ ^((a - «A 2 ) Id + A(l - M 2 ) off [e* e"*]). 

Normalising, we arrive at the second class of twisted simple factors in A+SL(2, C) a 
for < r < \a\, given by 



<7«,l(A) = Vr^(\)r a (-\)n L + y/ Ta (X) t^(-X) tt^. (4.8.4) 
In matrix form, these simple factors look like 



l-a 2 A 2 / a-aX 2 X(l - \a\ 2 )e ie 



The simple factors g a> h derived in (4.8.2) and (4.8.4) are uniquely determined by their 
'singularity' a e h and choice of line L e CP 1 . Note also that in both cases (4.8.2) 
and (4.8.4) we have that 

g a , L E A r SU(2) a for \a\ < r < 1. (4.8.6) 
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The key aspect is that dressing with simple factors is explicit. This idea is due to 
Terng and Uhlenbeck [27] and has lead to variants as in [4] and [17]. The version we 
need is proven by twisting Theorem 1.2 in [17] and is as follows 

Theorem: Let M be a connected Riemann surface with universal cover M and 
let F(z, A) G T{M). Let g a ± G A+SL(2, C) a be a simple factor. Then 

9«,T.#F = g a , h Fg- 1 v (4.8.7) 



where L' = F(z, a) L and g a l h , is, pointwise in z G M, a simple factor of the same 
form as g a>L . □ 

We use this factorisation theorem to characterise when it is possible to dress an 
extended unitary frame with trivial isotropy by a simple factor while retaining a 
symmetry. 

Corollary: Let x( T ) £ A C »SU(2) CT be a monodromy of an extended unitary frame 
F G !F(M). Let g ajL G A+SL(2,C) cr be a simple factor. Then g ajL %(r) </~l i s a 
monodromy of g a ,L#F with respect to r if and only if 



X (a,r)L = L. (4.8.8) 

Proof: Let F = g a , h #F. Then F = g a>L F g^, with L' = F{z, afh by (4.8.7). Let 
T *F = x{-r)Fk. Then 

T*F = g a , h (T*F)g-' 



9a,L X(r) F k g'l,, with L" = fc* F(a) r) L = r*L' 
^LxW^L^L^fia,^ by (4.6.5) 



where Li = F(z,a) x( a > T ) L. 

If fi'o.L x( r ) fi'a.L is a monodromy of F and we write t*F = g a ,hX( r ) 9ai F k and 
combine with the above, we obtain g~^ Ll k = g~ l v k. Hence g a ,L 1 9ah' ^ s independent 
of A and since there exists a A G CP 1 at which T a (\ ) = 1 we obtain g a ,L 1 9aL> = Id- 
This implies that V = L\ which implies (4.8.8). The converse is proven by direct 
verification. □ 



5 Dressing non-finite type surfaces 

In this section we discuss a family of CMC cylinders found in [16] that arise as 
perturbations of Delaunay surfaces. The resulting surfaces may possess an arbitrary 
number of umbilics and are thus not of finite type and are CMC cylinders with one 
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Figure 1: A perturbed round cylinder on the left. A perturbed and dressed round cylinder on the 
right. Images generated with CMCLab [23]. For more images see [24]. 

Delaunay end [15], see Figure 1. We can dress this class of cylinders with simple 
factors, having the effect of adding bubbles to the surface, see Figure 2. 

5.1 Dressing cylinders with umbilics. We modify a standard result from the 
theory of differential equations with regular singular points. Since the eigenvalues are 
A-dependent, we can avoid the assumption that two elements in the spectrum not 
differ by an integer by working on an appropriate A-circle C r . 

Theorem: Let f/ * C C be an open neighbourhood of z = and £ G AQ(Uq) with 
a simple pole at z = and residue reso£ = D where D has the form (4.4.1). Moreover, 
we assume that D satisfies the first closing condition (5.1.1). Then there exists an 
r G (0, 1) and a solution of d% = ^£ of the form * = z D P with P : U -> A r SL(2, C) ff 
holomorphic. Further, \l/ has Delaunay monodromy and is the holomorphic frame 
associated with (£, -P(l), 1). 

Proof: Let U = £7* U {0} and write £ = D^- + r] with rj G A.Sl Uo . The differential 
equation for P is dP = Pi] + [P, D—\. We will show that this differential equation 
has a holomorphic solution. Expanding P = YlkLo anc ^ £ = + ^Vk zk )dz at 
z = 0, the coefficients are recursively given by 

kP k +[D,P k ]= P ^s- 

r+s=k~l 

By our Ansatz Pj, = for k < and we are free to choose Pq G A r SL(2,C) CT with 
[D, P ] = 0. (Note this freedom only means P = aid + (3D, since D is a semisimple 
2 x 2— matrix with different eigenvalues.) The eigenvalues of D, are of the form ±fi, 
where /i is a solution to the equation /z 2 = — det D. Then the operators kid + ad D , 
k e Z, have spectrum cr = k ± 2/x}. We are only interested in > 1, in which 
case ^ a if and only if \x ^ |N. 
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We need to show that there exists an r G (0, 1) for which //(A) ^ |N for every A G C r . 
A priori, //(A) G R if and only if either A G S 1 or A G R. Since we seek r G (0, 1) 
we have /i(A) G R if and only if A G R we need to ensure /x(±r) ^ |N. Since Z) 
satisfies the first closing condition by assumption, we know that = n/2 for some 
n G Z the winding number of the Delaunay surface. A direct computation shows 
/i(±r) £ \Z if and only if r" 2 + r 2 ^ ±(A; 2 - n 2 )/(Aab) + 2 for all k G N. The 
sequences := ±(/c 2 — n 2 )/(Aab) + 2 are monotonic, hence we can always find an 
< r < 1 for which r~ 2 + r 2 {a^}. 

This proves the existence of a formal power series solving the differential equation for 
P. The coefficients of this formal power series are defined for all z G Uq. The domain 
of analyticity of P is Uq by standard ODE arguments, see e.g [12]. It is shown in [11] 
that P has the twisted A behaviour and that the coefficients of P as functions of A are 
in A r - To show that ^ has Delaunay monodromy, recall from 4.4 that the Delaunay 
monodromy is exp(2iriD) . For the translation t(z) = z + 2ni the monodromy of \& 
is r*^- 1 = T*z D r*PP- 1 z- D = exp(2niD). □ 

For our purposes, the specific form of \I/ proven above is of great importance to us, 
since it gives easy control over the monodromy singled out by the singularity at D. 
In particular, if we dress the corresponding frame by some simple factor it is easy 
to determine the dressed monodromy, at least if the associated surface has umbilical 
points. From a geometric point of view this is particularly interesting, since by a result 
of [19], the classical Bianchi-Backlund transformation does correspond to dressing by 
some simple factor. Actually, in the twisted setup, our 'simple factors' are in fact 
a product of two simple factors. These correspond to the two step procedure of the 
Bianchi-Backlund transformation. As a matter of fact, by making the right choice 
for the singularity of the simple factor, is is possible to control the topology of the 
resulting surface. 



Remark: 1) The proof of the Theorem above actually shows that there is some 
< r < 1 such that for all < r < r' < 1 the claim holds. 

2) Instead of choosing some < r < 1, one could ask for what potentials £ one can 
obtain a solution of the form \1/ = z D P without singularities on S 1 . Once this is 
achieved, one can conclude as above and infer statements about the monodromy and 
thus one can clear the way for some understanding for the effect of dressing by simple 
factors. Such a condition has been given in [11]. 

In order to dress a CMC surface with non-trivial topology into a new CMC surface 
with the same topology, we recall from [6] when for a given triple (£, $ ? ^o) one 
specific member of the associated family is invariant under A, thus characterising the 
period problem in the DPW framework: 

Let f\ be an associated family. Let F be the extended unitary frame of the surface 
with monodromy \ '■ A — > A c .SU(2) cr . Then there exists a Aq G S 1 such that 
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T * fx = fxo f° r all r G A if and only if for all r G A, \ satisfies both 



X(r, Ao) = ±H, 



(5.1.1) 
(5.1.2) 




Corollary: Let f e AQ{C*) as in Theorem 5.1 and g a ^ L G A+SL(2,C) cr be a 
simple factor. Choosing r G (0, 1) as above and a G C with |a| G (r, 1) such that 



then (£, p a)L P(l), 1) generates a CMC cylinder (with winding number n). 

Proof: Let $ = z D P and F be the holomorphic respectively unitary frame gen- 
erated by (£, P(l), 1). Both have Delaunay monodromy x( r , A) = exp(2-7riP(A)) 
with respect to the translation t(z) = z + 27ri. The condition (5.1.3) ensures that 
x(t, a) = ±Id and consequently (4.8.8) holds for any choice of line L G CP 1 . Hence, 
by Corollary 4.8, x( T ) = 9a,L x( T ) 9a l 1S a monodromy of g a ,L^F. The conditions 
(5.1.1) and (5.1.2) are verified using the facts x(t, 1) = ±Id and 9\x(t)\ x=1 = 0. □ 

5.2 Dressing 3-Noids. Let us briefly outline how the above theory can be applied 
to construct the dressed 3-Noids of [17]. Let T = CP 1 \ {0, 1, oo} and / : T-> R 3 a 
CMC 3-Noid with Delaunay ends as constructed in [11] or [25]. Let F G ^F{T) be an 
extended frame such that at A = 1 the immersion / is obtained via the Sym-Bobenko 
formula (1.4.3). Then there are three monodromies, xi? X2, X3, one f° r each end, 
which can be computed in terms of T-functions [11], [17] and satisfy Yl^=i Xj = 

In [17] it was shown that there exist values a G C*, |a| < 1 and invariant subspaces 
L G CP 1 such that (4.8.8) holds for all three xi s - Consequently, by Corollary 4.8 
the unitary frame obtained by dressing with the simple factor g a L has monodromies 
Xj = 9a,hXj 9a~L an< i since the closing conditions (5.1.1) and (5.1.2) are invariant 
under conjugation, the resulting surface is again a CMC 3-Noid. 

References 

[1] A. I. Bobenko, All constant mean curvature tori in P 3 ; § 3 ; PJ 3 in terms of theta- 
functions, Math. Ann. 290 (1991), 209-245. 

[2] A. I. Bobenko, T. V. Pavlyukevich and B. A. Springborn, Hyperbolic constant 
mean curvature one surfaces: spinor representation and trinoids in hypergeomet- 
ric functions, Math.Z 245, (2003), 63-91. 

[3] L. Bungart, On analytic fiber bundles, Topology 7 (1968), 55-68. 



det£>(a) 



j for some n G Z, 



(5.1.3) 



34 



[4] F. Burstall, Isothermic surfaces: conformal geometry, Clifford algebras and in- 
tegrate systems., Integrable systems, Geometry and Topology, vol. 80, taiwan, 
1995, math.DG/0003096, pp. 353-382. 

[5] F. Burstall and F. Pedit, Dressing orbits of harmonic maps, Duke Math. J. 80 
(1995), 353-382. 

[6] J. Dorfmeister and G. Haak, On constant mean curvature surfaces with periodic 
metric, Pacific J. Math. 182 (1998), 229-287. 

[7] , Investigation and application of the dressing action on surfaces of con- 
stant mean curvature, Q. J. Math. 51 (2000), 57-73. 

[8] , On symmetries of constant mean curvature surfaces. II. symmetries in 

a Weierstrass-type representation, Int. J. Math. Game Theory and Algebra 10 
(2000), 121-146. 

[9] , Construction of non-simply connected CMC surfaces via dressing, J. 

Math. Soc. Japan 55 (2003), no. 2, 335-364. 

[10] J. Dorfmeister, F. Pedit, and H. Wu, Weierstrass type representation of harmonic 
maps into symmetric spaces, Comm. Anal. Geom. 6 (1998), no. 4, 633-668. 

[11] J. Dorfmeister and H. Wu, Construction of constant mean curvature n-noids 
from holomorphic potentials, in preparation, 2002. 

[12] P. Hartman, Ordinary differential equations, John Wiley and Sons, Inc., New 
York, 1964. 

[13] M. Kilian, Constant mean curvature cylinders, Ph.D. thesis, Univ. of Mas- 
sachusetts, Amherst, 2000. 

[14] , On the associated family of Delaunay surfaces, Proc. AMS, in press. 

[15] M. Kilian, S. Kobayashi, W. Rossman, and N. Schmitt, CMC surfaces in three 
dimensional space forms, math.DG/0403366. 

[16] M. Kilian, I. Mcintosh, and N. Schmitt, New constant mean curvature surfaces, 
Experiment. Math. 9 (2000), no. 4, 595-611. 

[17] M. Kilian, N. Schmitt, and I. Sterling, Dressing CMC n-Noids, Math. Z., 246, 
(2004), 501-519. 

[18] S. Kobayashi, Bubbletons in 3-dimensional space forms via the DPW method, 
Master's thesis, Kobe University, 2001. 

[19] A. Mahler, Bianchi-Backlund and dressing transformations on constant mean 
curvature surfaces, Ph.D. thesis, Univ. of Toledo, 2002. 



35 



[20] I. Mcintosh, Global solutions of the elliptic 2d periodic Toda lattice, Nonlinearity 
7 (1994), no. 1, 85-108. 

[21] U. Pinkall and I. Sterling, On the classification of constant mean curvature tori, 
Ann. of Math 130 (1989), 407-451. 

[22] E. A. Ruh and J. Vilms, The tension field of the Gauss map, Trans. Amer. Math. 
Soc. 149 (1970), 569-573. 

[23] N. Schmitt, CMCLab, http://www.gang.umass.edu/software. 

[24] , CMC Gallery, http://www.gang.umass.edu/cmcgallery. 

[25] , Constant mean curvature trinoids, math.DG/0403036. 

[26] I. Sterling and H. Wente, Existence and classification of constant mean curvature 
multibubbletons of finite and infinite type, Indiana Univ. Math. J. 42 (1993), 
no. 4, 1239-1266. 

[27] C. Terng and K. Uhlenbeck, Backlund transformations and loop group actions, 
Comm. Pure and Appl. Math LIII (2000), 1-75. 

[28] K. Uhlenbeck, Harmonic maps into Lie groups ( Classical solutions of the chiral 
model), J. Diff. Geom. 30 (1989), 1-50. 

[29] H. Wu, On the dressing action of loop groups on constant mean curvature sur- 
faces, Tohoku Math. J. 49 (1997), 599-621. 

[30] V. E. Zakharov and A. S. Shabat, Integration of the nonlinear equations of math- 
ematical physics by the method of the inverse scattering problem II, Funktsional. 
Anal, i Prilozhen. 13 (1978), 13-22. 



36 



